Abstract. We find conditions under which a non-orientable closed surface F embedded into an orientable closed 4-manifold X can be represented by a connected sum of an embedded closed surface in X and an unknotted projective plane in a 4-sphere. This allows us to extend the Gabai 4-dimensional light bulb theorem and the Auckly-Kim-Melvin-Ruberman-Schwartz "one is enough" theorem to the case of non-orientable surfaces.
Introduction
The goal of the present note is to determine conditions under which a non-orientable closed surface S embedded into a closed 4-manifold X admits a splitting into the connected sum of an embedded surface S and an unknotted projective plane P 2 in a 4-sphere, i.e., there exists a diffeomorphism of pairs (X, S) ≈ (X, S )#(S 4 , P 2 ). (1) The important ingredient for the existence of the splitting is the existence of an embedded transverse sphere for S. We say that a sphere G embedded into X is an embedded transverse sphere for S if the Euler normal number of G is trivial and G intersects S transversally at a unique point. The surface S is G-inessential if the induced homomorphism π 1 (S \ G) → π 1 (X \ G) is trivial. When there is such a transverse sphere, any P 2 summand in S can be split off.
Theorem 1. Let S be a connected non-orientable closed surface in a closed orientable 4-manifold X. Suppose that S is G-inessential for a transverse sphere G. Let P 2 be a projective plane summand of S. Then the pair (X, S) splits as in (1) with P 2 unknotted, and with the surface S still G-inessential for the transverse sphere G.
Remark 1. Let M ⊂ S
3 ⊂ S 4 be the standard Möbius band. The boundary of M can be pushed radially into the upper hemisphere of S 4 where it bounds a unique disc D 2 up to isotopy. The union of the Möbius band and the disc D 2 is an embedded, unknotted projective plane P 2 in S 4 . Depending on the sign of the half-twist of the Möbius band, there are two non-isotopic unknotted projective planes, P 2 + and P 2 − . These can be detected by one of two invariants: the normal Euler number, or the Brown invariant, see section 2.
Remark 2. If the Euler characteristics of S is odd, then we may choose the projective plane P 2 in S so that the surface S in the splitting (1) is orientable. When the Euler characteristics of S is even, we may split off two unknotted projective planes leaving an orientable surface. It also follows that there is a diffeomorphism of pairs (X, S) ≈ (X, S 2 ) # k(S 4 , P where S 2 is a 2-sphere embedded into X, and k + is the cross-cap number of S.
As a consequence of the splitting theorem (Theorem 1) we show that a version of the recent Gabai light bulb theorem (Theorem 8) holds true for non-orientable surfaces as well.
Theorem 2. Let X be an orientable 4-manifold such that π 1 (X) has no 2-torsion. Let S 1 and S 2 be two homotopic embedded G-inessential closed surfaces with common transverse sphere G. Suppose that the normal Euler numbers of S 1 and S 2 agree. Then the surfaces are ambiently isotopic via an isotopy that fixes the transverse sphere pointwise.
In the orientable case considered by Gabai the normal Euler number does not play a role. However, this invariant is critical when the surfaces are non-orientable, see Remark 3 . Theorem 2 has a number of applications.
One source of applications is to stabilization of smoothly knotted surfaces in 4-manifolds. If (X, S) is a pair consisting of a 4-manifold and an embedded surface, one has four types of stabilization: external stabilization (X,
) and non-orintable internal stabilization (X, S)#(S 4 , P 2 ). Baykur and Sunukjian proved that a sufficient number of internal stabilizations results in isotopic surfaces [2] . In [8] , S. Kamada shows that two embedded surfaces become isotopic after enough internal non-orientable stabilizations.
The hypothesis that S is G-inessential for a transverse sphere G is always satisfied after taking the connected sum of the pair (X, S) with (S 2 × S 2 , { * } × S 2 ) which immediately implies the following:
Corollary 3. When π 1 (X) has no 2-torsion, regularly homotopic embedded surfaces in X become isotopic after just one pairwise stabilizatoin.
Quinn [16] and Perron [14, 15] show that topologically isotopic surfaces in simplyconnected 4-manifolds become isotopic after sufficiently many external stabilizations. Auckly, Kim, Melvin and Ruberman proved that just one external stabilization was enough for ordinary topologically isotopic orientable surfaces [1] . A second consequence of the splitting theorem is a non-orientable version of this "one is enough" theorem.
Theorem 4. Let S 1 and S 2 be regularly homotopic (possibly non-orientable), embedded surfaces in a 4-manifold X, each with simply-connected complement. If the homology class
. If the homology class is characteristic, then the surfaces are isotopic in X#(S
2×

S
2 ).
In §2 we review the notion of an unknotted projected plane as well as the definition of the normal Euler number. In §3 we prove the splitting theorem (Theorem 1). The hypothesis in Theorem 1 that there exists a transverse sphere G is essential. In §4 we give examples of surfaces with no transverse spheres that do not admit splittings. In general, the isotopy class of the surface S#S in the pair (X, S)#(X , S ) may change when S and S are changed by isotopy. In contrast, in §4 we show that the isotopy class of S#S is well defined when X is a sphere, see Lemma 6. Lemma 6 is essential for the proof of the Gabai theorem for non-orientable surfaces (Theorem 2). Another preliminary statement is proved in §5 where we show that homotopic surfaces with the same normal Euler numbers are regularly homotopic. Theorem 2 is proved in §6. Finally, Theorem 4 is proved in §7.
We are grateful to Victor Turchin for helpful suggestions and comments.
Background
A pair of manifolds (X, S) is a manifold X together with an embedded submanifold S. The connected sum of pairs [10] is denoted by
Given a possibly non-orientable surface S in an oriented 4-manifold X, one may define the self-intersection (or, normal Euler) number e(S). Take a small isotopic displacementS of S in the normal directions and count the algebraic number of intersection points in S ∩S. The sign of an intersection point p is positive (respective, negative) if (e 1 , e 2 ,ẽ 1 ,ẽ 2 ) is positively (respectively, negatively) oriented, where e 1 , e 2 is an arbitrary basis of the tangent space T p S andẽ 1 andẽ 2 the image of e 1 and e 2 in T pS . There is a different invariant defined when S is a characteristic (possibly non-orientable) closed surface in a closed 4-manifold X. It is called the Brown invariant [3] . The Brown invariant will not play a role in this paper.
The splitting theorem
In this section we prove the main splitting theorem. We begin with a simple observation that any splitting is determined by a special disk.
Lemma 5. Let S be a closed surface embedded into a closed manifold X. Suppose that there is an open 4-disc U ⊂ X such that the intersection U ∩ S is a Möbius band M and ∂U is an embedded submanifold of X intersecting S transversally. Suppose that ∂M is an unknot in ∂U ≈ S 3 . Then (X, S) is diffeomorphic to the connected sum of pairs of manifolds (X, S ) and (S 4 , P 2 ± ) where S is a surface obtained from S \ U by capping off its only boundary component with a 2-disc.
Proof. Since ∂M is an unknot in ∂U , the boundary of each of the pairs (X \ U, S \ U ) and (Ū ,Ū ∩ S) is diffeomorphic to the boundary of the pair (D 4 , D 2 ) of standard discs. In other words, the boundary of each of the two pairs can be capped off by the pair of standard discs to produce pairs (X, S ) and (S 4 , P 2 ± ) whose connected sum is diffeomorphic to (X, S).
In practice, the open set U in Lemma 5 is constructed by taking a neighborhood of a 2-disc D such that ∂D is the central closed curve of the Möbius band M , the interior of D does not contain points of S and D is nowhere tangent to S. If such a disc D exists, then we say that D is the core of the splitting of Lemma 5.
Suppose a connected surface S possesses a transverse sphere G. Given another surface S ⊂ X, an intersection point p ∈ S ∩ S can be tubed off using G along a path γ in S from the point p to G ∩ S, where G is a parallel copy of G, see Figure 3 . The result of this procedure is a new surface S obtained from S by taking the union of S and a copy G , removing a disc neighborhood Proof of Theorem 1. Let α be a simple closed orientation reversing curve in S that is disjoint from G.
Since S is G-inessential, the curve α bounds an immersed disc D in X \G. We may join any self intersection point p of D with a point in ∂D by a curve and use a finger move to eliminate the self intersection point p of D, see Figure 4 . By repeating this procedure we obtain an embedded disc D ⊂ X \ G that may intersect S in interior points. We may then use the transverse sphere G to tube off the intersection points of D with S, see Figure 3 . Thus there exists an embedded 2-disc D in X \ G such that the intersection D ∩ S is the curve α. Furthermore, we may assume that D approaches S orthogonally (with respect to a Riemannian metric on X). 
This is depicted by a dotted circle representing the boundary of the disc D 2 , see Figure 5 . Such a neighborhood of α already contains the Möbius band neighborhood of α in S. With respect to a trivialization of S 1 × D 2 , it twists k + 1/2 times for some integer k. The rest of the neighborhood of S in X is obtained from the described neighborhood of α by attaching 1-handles that correspond to thickenings of 1-handles of S and one 2-handle h S which corresponds to the thickening of the 2-cell of S of cell decomposition of S corresponding to a perfect Morse function. The neighborhood of a transverse sphere contributes a 2-handle attached along a meridian of S with zero framing. The neighborhood of the disc D also contributes a 2-handle h D attached along a circle that passes over the 1-handle h 1 once and which, a priori, could be linked with the attaching circle of h S . Using the transverse sphere G, the attaching circle of h D can be unlinked from the attaching circle of h S . We denote by m and n the framings of the attaching circles of the 2-handles h D and h S respectively. Giving one of the attaching discs of the 1-handle a full left rotation results in linking the attaching circles of h D with h S as well as decreasing simultaneously m and k by 1 and n by 4, see Figure 6 . (A right rotation has the opposite effect.) Thus, we may assume that k is 0 or −1, corresponding to ±1/2 twists, and m is even. If k = 0 (respectively, k = −1) and m is odd, then a full −1 rotation (respectively, +1 rotation) of the 1-handle results in even m and k = −1 (respectively, 0).
Sliding the attaching circle of h D along h 1 , links the attaching circles of h D and h S and changes the framing m by ±2, see Figure 7 . In view of the transverse sphere, we may again unlink the attaching circles h D from h S . To summarize, we may assume that in Figure 5 , the twisting number k is 0 or −1, and the framing m is 0.
Theorem 1 now follows from Lemma 5.
Problems with splitting and sums
In the absence of a transverse sphere the splitting surgery along arbitrary 1-sided curves may not be possible, see Example 1. Example 1. According to the Massey theorem, there exists an embedding of a closed non-orientable surface S ⊂ S 4 of Euler characteristics χ with normal Euler number ν = 2χ−4, 2χ, ..., 4−2χ. We may choose an embedding so that ν = ±2. Suppose that there exists a splitting surgery representing (S 4 , S) by a connected sum of (S 4 , S ) and (S 4 , P 2 ± ) where S is a closed orientable surface. Since the normal Euler number of P 2 ± is ∓2 and the normal Euler number of a closed orientable surface in S 4 is trivial, we deduce that the normal Euler number of their connected sum S is ±2, which contradicts the assumption that ν = ±2. Therefore, such a splitting surgery does not exist.
In fact it may be the case that no splitting is possible as in the following example.
Example 2. The rational elliptic surface has a cusp fiber F . In Kirby calculus, a neighborhood of this fiber is obtained by attaching a 0-framed 2-handle to D 4 along a right-handed trefoil. The right handed trefoil bounds an obvious Möbius band. Capping the Möbius band with the core of the 2-handle results in an embedded P 2 representing the fiber class [F ] . Notice that this class is characteristic. A splitting of the form (E(1),
would imply the existence of a smoothly embedded sphere representing the fiber class [F ] in E(1) contradicting the Kervaire-Milnor theorem.
When splitting is possible, it need not be unique. Indeed changing the homotopy class of the core of the splitting disk can change the homology class of the summands.
Example 3. Suppose that D is a core of splitting in a pair (X, S). Suppose that the splitting results in the decomposition
Let A be an embedded sphere in X \ (S ∪ D) with trivial normal bundle. Consider the splitting with the core D#A,
, where the orientation of A agrees with the orientation of D#A.
In the last example, the Z 2 homology classes of the surfaces S D#A and S D in the decomposition agree. However, the integral homology classes of the surfaces are not the same. Thus, Example 3 shows that the connected sum decomposition of pairs is not unique. This should not be surprising as the connected sum decomposition of manifolds is not unique in 4-dimensions. We now give one more example where by changing the core of the splitting disk we are able to change from splitting off a copy of P + to splitting off a copy of P − .
Example 4. The projective plane in (X, S 2 × {0})#(S 4 , P + ) has transverse sphere { * } × S 2 in the connected factor
. We claim that we can split off either P + or P − . Indeed, the P + -splitting is obvious. To describe the P − -splitting, let D denote the core of the P + -splitting. We note that this corresponds to k = 0 and m = 0 in Figure 5 using the trivialization of D. Replacing D with its connected sum with CP 1 ⊂ CP 2 , results in a model corresponding to k = 0 and m = 1, see Figure 8 where the 2-handle corresponding to CP 1 is denoted by u. To view the neighborhood in the trivialization of the new disk we apply a twist to the 1-handle. This model corresponds to k = −1 and m = 0, see Figure 9 . Now we may slide the handle D + u along the 2-handle −G twice to obtain the core for a P − -summand. In other words,
The normal Euler number of P − is 2, while the normal Euler number of P + is −2. Consequently, the normal Euler number of S is −4. In fact, In this paper we are interested in internal sums, which are defined by taking the connected sum with (Y, R) where R is a surface in Y = S 4 . In this case, without loss To motivate Lemma 6, we note that in the case of connected sums of pairs of manifolds there is an additional subtelety. Namely, let S 0 and S 1 be two isotopic surfaces in X that agree in a coordinate open ball D X . Furthermore, suppose that (X, S 0 ) and (X, S 1 ) share the same pair of coordinate balls (D X , D S ). Then the ambient space X#Y in the pair (X, S 0 )#(Y, R) coincides with the ambient space in the pair (X, S 1 )#(Y, R). However, in general, the surface S 0 #R may not be isotopic to S 1 #R in X#Y , as the isotopy of X \ {0}, where {0} is the center of the coordinate ball D X , may not admit an extension to an isotopy of X#Y .
Given a pair (X, S), we say that a tuple of vectors v 1 , ..., v 4 at a point x ∈ S is an adapted frame if it is a basis for the tangent space T x X and if the vectors v 1 and v 2 form a basis for the tangent space T x S. If X and S are oriented, then we additionally require that the basis {v 1 , ..., v 4 } for T x X and {v 1 , v 2 } for T x S are positively oriented. We note that up to isotopy the pair of the coordinate open balls (D X , D S ) in (X, S) determines and is determined by the standard coordinate adopted frame e 1 , ..., e 4 in T 0 D X ⊂ T X. Lemma 6. Let S 0 and S 1 be connected isotopic surfaces in an oriented connected closed 4-manifold X, and R be a surface in S 4 . Let i 0 and i 1 be possibly different orientation preserving embeddings of an open coordinate 4-ball
is a pair of coordinate open discs in (X, S k ) for k = 0, 1. In the case where S 0 and S 1 are oriented, suppose that the isotopy from S 0 to S 1 is orientation preserving, and the frames associated with the pairs (i k D 4 , i k D 2 ) of coordinate balls are adapted. Then the surface S 0 # i 0 R is isotopic to the surface
Proof. The ambient isotopy taking S 0 to S 1 takes the connected sum S 0 # i 0 R to S 1 # j R for some embedding j : D 4 → X. Let {v i } and {w i } denote the frames over (X, S 1 ) corresponding to the embeddings j and i 1 respectively. Since the frames are adapted, by applying an ambient isotopy of X that fixes S 1 setwise, we may assume that v 1 = w 1 and v 2 = w 2 . Since both {v i } and {w i } are positively oriented frames over X, the coincidences v 1 = w 1 and v 2 = w 2 imply that there is an ambient isotopy of X that fixes S 1 setwise and takes the frame {v i } to the frame {w i }. Thus, the surface S 0 # i 0 R is isotopic to the surface S 1 #R. This completes the proof of Lemma 6.
Regularly homotopic surfaces
At the first step in the Gabai's proof of the 4-dimensional light bulb theorem [5] one modifies a given homotopy between orientable surfaces into a regular homotopy. In this section we will show that the hypotheses on the surfaces in the non-orientable version of the Gabai theorem (Theorem 2) guarantee that the (possibly non-orientable) surfaces are still regularly homotopic.
By the Smale-Hirsch theorem, the space of immersions of a manifold S into a manifold X is weakly homotopy equivalent to the space Imm F (S, X) of smooth injective bundle homomorphisms T S → T X provided that dim S ≤ dim X or that S is open. There is a natural fibration:
where C ∞ (S, X) is the space of smooth maps f : S → X. Its fiber over the path component of f is the space Γ(T S, f * T X)) of sections of the bundle V (T S, f * T X) → S of injective bundle homomorphisms T S → f * T X. When the dimension of S and X is 4, the fiber of the fiber bundle V (T S, f * T X) over S is homotopy equivalent to O(4). The following theorem is known. The orientable case is used in [5] . Since we need the non-orientable case, we give a quick outline of its proof here.
Theorem 7.
Suppose that f and g are two homotopic embeddings of a closed connected surface S into X. If the surface S is non-orientable, suppose, in addition, that the normal Euler numbers of f and g agree. Then the embeddings f and g are regularly homotopic.
Proof. Choose a handle decomposition of S with a unique 2-cell. By a general position argument, we may assume that a homotopy of f to g restricts to an isotopy of a neighborhood of the 1-skeleton of S. Furthermore, the isotopy of this neighborhood extends to an isotopy of the ambient manifold X. Thus, we may assume that f and g agree in the neighborhood of the 1-skeleton of S. Consequently, the normal bundles N (f ) and N (g) agree over the same neighborhood.
Since f and g are homotopic, their normal Euler numbers agree when S is orientable. In particular, in both cases, when S is orientable or non-orientable, under the hypotheses of Theorem 7, the normal bundle of the immersion f is isomorphic to that of g. Even more is true, the isomorphism already given over the 1-skeleton extends to an isomorphism N (f ) ≈ N (g). Letf denote the inclusion of N = N (f ) into X, andĝ : N → X denote the composition of the isomorhism N ≈ N (g) and the inclusion. Since π 2 (O 4 ) = 0 we can extend the constant path from df to dĝ defined over the 1-skeleton to a path defined over all of S. It follows thatf is regularly homotopic toĝ, hence f is regularly homotopic to g.
Remark 6. By a general position argument, one may assume that the regular homotopy in the conclusion of Theorem 7 restricts to an isotopy away from any disk in the surface S.
The Gabai light-bulb theorem for non-orientable surfaces
Recently Gabai proved the following theorem, see [5, Theorem 9.7] .
Theorem 8 (Gabai, [5] ). Let X be an orientable 4-manifold such that π 1 (X) has no 2-torsion. Two homotopic embedded G-inessential orientable surfaces S 0 and S 1 with common transverse sphere G are ambiently isotopic via an isotopy that fixes the transverse sphere pointwise.
We prove the Gabai result is still true for non-orientable surfaces as well, provided that the normal Euler numbers of the surfaces agree.
Remark 7. If a surface S has a transverse sphere, then S is ordinary. Thus the Brown invairant does not play a role in this theorem.
The idea of the proof is to use the splitting theorem (Theorem 1) to reduce the general case of possibly non-orientable surfaces S 0 and S 1 to the case of orientable surfaces by representing S 0 and S 1 as internal connected sums of orientable surfaces S 0 and S 1 with unknotted projective planes. As examples in §4 show, in general the surfaces S 0 and S 1 may not even be homotopic. Lemma 9 below shows that we may assume that the surfaces agree away from an open ball. For surfaces meeting the conclusion of Lemma 9, we prove Lemma 10 ensuring that there is a splitting such that the surfaces S 0 and S 1 are homotopic.
Lemma 9. Let S 0 and S 1 be regularly homotopic surfaces in a 4-manifold X. Then there exist a surface S 2 in X and a neighborhood U of a point in S 0 such that S 0 agrees with S 2 on the complement of U , and S 2 is regularly homotopic to S 0 by a homotopy that is constant on the complement of U , and S 1 is isotopic to S 2 .
Proof. Let R : I ×S 0 → X be a regular homotopy with R 0 (S 0 ) = S 0 and R 1 (S 0 ) = S 1 . By Remark 6, we may assume that R restricts to an isotopy in a neighborhood of a 1-skeleton of S 0 with complement an open disk U . By the isotopy extension theorem, there is an ambient isotopy J : I × X → X that agrees with R restricted to S 0 \U . Clearly, the surface S 2 := J −1 1 (S 1 ) is isotopic to S 1 , and S 0 agrees with S 2 in the complement to U . The required regular homotopy of S 0 to S 2 fixing the complement of U is given byR t (x) := J
Lemma 9 is the first step in the proof of Theorem 2. It establishes an isotopy of S 1 to S 2 so that S 0 and S 2 agree away from a neighborhood of a point. The following lemma establishes that there are core disks such that the surfaces S 0 and S 2 obtained by splitting off unknotted projective planes from S 0 and S 2 respectively are still homotopic.
Lemma 10. Let S 0 be a G-inessential orientable surface with D 0 a core of a splitting. Let S 2 be a surface that agrees with S 0 away from a neighborhood U ⊂ S 0 of a point such that ∂D 0 ∩ U = ∅. Suppose that S 0 is regularly homotopic to S 2 relative to the complement to U . Then there exists a core D 2 of a splitting for S 2 that agrees with D 0 in a neighborhood of ∂D 0 and such that D 0 ∪ D 2 is null-homotopic.
Proof. If the intersection of the interior of D 0 and S 2 is empty, then D 1 = D 0 is a desired core of a splitting for S 1 . Otherwise, if the intersection is not empty, then, as in the proof of the splitting theorem, we may tube the intersection points off to copies of G to remove them. A bit of care is necessary to insure that the resulting disc D 1 is homotopic to D 0 relative to the boundary. To establish this homotopy, it will suffice to establish that a certain lift of D 0 ∪ D 1 is zero homologous in the universal cover of X \ G.
By a slight perturbation of D 0 with support in the interior, we may assume that S 2 is transverse to the interior of D 0 . By assumption a neighborhood of G is diffeomorphic to G × D 2 . Pick a collection {G k } of distinct parallel spheres; one sphere G k for each intersection point in S 2 ∩ D 0 . Since S 2 is G-inessential and G k and D 0 are simply connected, all lift to copies in the universal cover X\G. Pick reference lifts S There will now be two cases. The first is when the complement of ∂D 0 in S 2 is orientable, the second is when it is non-orientable. Suppose the complement to ∂D 0 is orientable. By choosing an orientation on S 2 \ ∂D 0 as well as on X, all of the lifts inherit orientations and we may associate a sign to each intersection point. We now wish to show that the algebraic count of the intersection points between S in S 2 is oriented) becomes a negative intersection point and a new intersection point is formed between the surface and the disk. We take our orientation convention for the disk so that this point will be counted positively. 
when using a second path δ depending on whether γ ∪ δ is an orientation preserving or orientation reversing loop. Thus by making the correct path choices we may assume that D 0 ∪ D 2 is null-homotopic.
Proof of Theorem 2. We first prove the result for surfaces of odd Euler characteristic. By Lemma 9 we may isotope S 2 to agree with S 1 away from a neighborhood of a point, and have a further regular homotopy relative to the complement of this neighborhood taking S 1 to S 2 . Since the Euler characteristic of S 1 is odd there is a simple closed curve in S 1 having orientable complement. By the splitting theorem (Theorem 1) we know that there is an embedded disk D 1 with boundary this curve that forms the core of a splitting of S 1 . By Lemma 10 we also know that there is a core for S 2 so that D
0 is null-homologous and D 1 ∪ ∂ D 0 is null-homotopic. Let S j denote the result of splitting surgery of S j along D j . One sees that S j is homotopy equivalent to S j ∪ D j and S 1 ∩ D 1 is homotopic to S 2 ∩ D 2 . If follows that S 1 and S 2 are orientable surfaces in X satisfying the hypothesis of the lightbulb theorem. They are therefore isotopic. Now (X, S 1 ) ∼ = (X, S 1 )#(S 4 , P ± ) and (X, S 2 ) ∼ = (X, S 2 )#(S 4 , P ± ) implies that S 1 is isotopic to S 2 as proved in Lemma 6. Turn now to the case where S j is non-orientable with even Euler charasteric. The proof is similar to the odd Euler characteristic case. The difference is that the complement in S 1 of ∂D 1 must be non-orientable. Lemma 10 still generates a disk D 2 forming the core of a splitting so that D 1 is homotopic rel boundary to D 2 . Let S k be the surfaces that result after the splitting. They have odd Euler characteristic and are homotopic. The normal Euler numbers of S 1 and S 2 agree since they are regularly homotopic. It follows that the normal Euler numbers of S 1 and S 2 agree, so they are regularly homotopic. Thus by the odd Euler characteristic case we know that S 1 is isotopic to S 2 which using Lemma 6 completes the proof.
Isotopy of surfaces in 4-manifolds.
In view of the Gabai's theorem for non-orientable surfaces (Theorem 2), we are in position to extend a recent theorem of [1] to the case of non-orientable surfaces.
Proof of Theorem 4. In the case where S 1 and S 2 are oriented surfaces, Theorem 4 is established in [1] . In view of Theorem 2, the proof of Theorem 4 in the nonorientable case follows in the same way as in the orientable case with one minor change. We provide an abbreviated outline referring to [1] for longer exposition. As X\S 1 is simply-connected, it contains an immersed disk bounded by a meridian of S 1 . Capping the immersed disc with a fiber of the normal bundle results in an immersed dual Σ to S 1 . If the homology class of S 1 is ordinary, then, after taking the sum with an immersed sphere disjoint form S 1 , we may assume that the self-intersection of Σ is even.
In contrast to the orientable case, in the present case only the parity of the intersection number Σ · S 1 is well-defined up to regular homotopy. It follows that Σ · S 2 is odd. We can reduce the geometric intersection number #(Σ ∩ S 2 ) down to one. Indeed, if there is excess intersection, pick a pair of intersection points. Given an arc in S 2 joining the two intersection points, one may associate a relative sign to the intersection points via an orientation of a neighborhood of the path. Since S 2 is non-orientable, one may arrange that the relative sign is negative via a suitable choice of path.
The proof now continues as in the orientable case in [1] . Namely, as X\S 2 is simplyconnected, the union of the chosen path in S 2 and a path in Σ bounds an immersed disk in the complement of S 2 . Via finger moves intersections between the disk and S 1 may be removed. The correct framing may be obtained by boundary twisting along the portion of the boundary of the disk meeting Σ. The result is an immersed Whitney disk. Sliding Σ across this disk removes a pair of intersection points.
If follows that one may assume that Σ intersects S 1 and S 2 , each at exactly one point. In the ordinary case the self-intersection of Σ is even. It follows that by taking the connected sum of pairs (X, Σ)#(S 2 × S 2 , {pt} × S 2 ) = (X#(S 2 × S 2 ), Σ) and tubing with copies of S 2 × {pt} one may eliminate the self-intersections of Σ and adjust the square to zero. The result now follows from the orientable version of the light bulb theorem.
In the characteristic case the self-intersection number of Σ is odd. Here one takes the sum (X, Σ)#(S 2 ×S 2 , zero section) = (X#(S 2 ×S 2 ), Σ) to obtain an immersed dual with even square. Tubing with copies of the fiber will remove the selfintersections and adjust the framing to zero.
